Abstract. Recently Ohtsuki Oh2], motivated by the notion of nite type knot invariants, introduced the notion of nite type invariants for oriented, integral homology 3-spheres (ZHS for short). In the present paper we propose another definition of nite type invariants of Z HS and give equivalent reformulations of our notion. We show that our invariants form a ltered commutative algebra and are of nite type in in the sense of Ohtsuki and thus conclude that the associated graded algebra is a priori nite dimensional in each degree. We discover a new set of restrictions that Ohtsuki's invariants satisfy and give a set of axioms that characterize the Casson invariant. Finally, we pose a set of questions relating the nite type 3-manifold invariants with the (Vassiliev) knot invariants.
, TW]), used equivalent initial data (namely semisimple Lie algebra and a primitive complex root of unity) as in Witten's ChernSimons theory and combinatorially de ned TQFT in 2 + 1 dimensions. TQFTs in 2 + 1 dimensions give rise to (complex valued) invariants of oriented, closed 3-manifolds, and invariants of framed colored links in 3-manifolds.
The path integral approach to topological quantum eld theories suggests the existence of nonperturbative and perturbative knot and 3-manifold invariants. Examples of nonperturbative knot invariants are the values at roots of unity of colored Jones polynomials of knots, RT1]. Examples of nonperturbative 3-manifold invariants are the Ka] , and to the Chern-Simons theory perturbative knot invariants BT], and nally ways of calculating them, from combinatorics of chord diagrams B-N2]. The situation with perturbative (or nite type) 3-manifold invariants is puzzling. On the one hand perturbative Chern-Simons theory predicts the existence of invariants of a pair (M; ) where M is a rational homology 3-sphere and 2 Hom( 1 (M); G) (G is a xed compact semisimple Lie group here). In cases of acyclic one has such invariants AxS1], AxS2], Ko2]. However, these invariants do not solve any of the above mentioned problems,essentially due to the absence of surgery formulas. 
It is easy to show that F Oh L is a ltered commutative algebra (with pointwise multiplication). Let G Oh ? L (and more generally G ? O) denote the associated graded algebra of F Oh L (or more generally, of a ltered object F ? O).
1 Usually a framing for a link is a choice of a simply closed curve i on the tubular neighborhood of each component L i such that the linking number between i and a meridian of L i is 1. Any two framings of a single component di er by an integer number. Since the 3-manifolds that we consider are oriented integral homology spheres, canonical (otherwise called zero) framings exist, hence the identi cation of the possible framings with the integer numbers.
1.3. Variations for nite type 3-manifold invariants. In the present paper we introduce another notion of nite type invariants of ZHS. We compare our de nition with Ohtsuki's, (theorem 2) and with the nite type knot invariants (corollary 1.3) and show that the associated graded vector space is a priori nite dimensional in each degree. We discover a new set of restrictions that Ohtsuki's invariants satisfy (theorem 4). As an application, we deduce a nonexistence theorem for 3-manifold invariants (proposition 1.4) and a characterization for the Casson invariant (theorem 5).
We begin with the following de nition. 1.5. Plan of the proof. In section 2 we review the de nition and a few properties of nite type knot invariants, otherwise known as Vassiliev invariants. In section 3.1 we review some terminology and notation from Dehn surgery of links. In section 3.2 we prove proposition 1.3, thus giving a map from nite type invariants of ZHS to ( nite type) invariants of knots in S 3 .In section 3.3 we prove theorem 2. In section 4.1 we show surgery properties that our and Ohtsuki's nite type 3-manifold invariants satisfy and in section 4.2 we prove theorem 1 that restates our de nition 1.2. In section 5 we pose a set of questions relating the nite type knot and 3-manifold invariants. In section 6.1 we partially answer our questions and prove theorem 3 and in section 6.2 we give a new set of restrictions that Ohtsuki's invariants satisfy, thus showing theorem 4 and proposition 1.4. Finally, in section 7 we collect an equivalent set of properties that characterize the Casson invariant. In the present paper we are primarily interested in type 5 knot invariants about which much more is known.
We 3.1. Preliminaries about links and 3-manifolds. In this section we review a few preliminaries about 3-manifolds. All 3-manifolds are oriented unless otherwise mentioned. In this paper we will restrict our attention to integral homology 3-spheres.
Let K M be a knot in a ZHS M. A framing f of K is a simply closed curve in the boundary of a tubular neighborhood of K in M that intersects a meridian m of K once positively. Recall that a canonical (otherwise called zero) framing f 0 of K in M exists: indeed since K is homologically trivial in M it bounds a Seifert surface, and let f 0 be a parallel of K in the surface. The result is independent of the surface chosen. For coprime integers p; q let (K p=q ; M) denote the (closed) 3-manifold obtained by doing p=q Dehn surgery on K i.e., the result of cutting M along the boundary of a 
where K 0 L is the disjoint union of L with an unknot K 0 . In the above equations, the left hand side represents links of m components. In the rst equation, both strands belong to the same component, and in the second equation tqo stands of the same component go over/under two strands of another component.
Proof. A proof was rst given by Ohtsuki in Oh2]
. It is a simple consequence of Kirby moves and the de nition of the map (:). Note that we could also give a formula in F Oh ? M, rather than in the graded space G Oh ? M, however, the above form of the lemma su ces for our purposes.
Proposition 1.3 now follows immediately by the rst equation in (8).
In the remaining part of the paper, it will be useful to describe the associated weight system of the the nite type knot invariant of proposition 1.3. This can be done as follows: Remark 3.2. Let 2 F Oh m L, := ( ) 2 F m?1 V the associated knot invariant of proposition 1.3 and let W 2 G m?1 W be the associated degree m ? 1 weight system. One way to calculate the value of W on a chord diagram CD of m ? 1 chords is as follows: represent the chord diagram in a circle, resolve the crossing points between chords in any way and replace each chord with an unknot as in gure 6. This way we get an algebraically split m component link L(CD) each component of which is an unknot. By de nition and using lemma 3.1 we see that W (CD) = (L(CD)) (11) Note that even though L(CD) depends on the way we choose to resolve the crossing points between the chords of the chord diagram, the value of is independent of that choice as follows by lemma 3.1. We believe that it is an interesting question (both for the sake of knot invariants, but also for the sake of 3-manifold invariants) to study the map of proposition 1.3. Theorem 2 now follows from theorem 6 and the following two lemmas: (14) Now a case by case argument for each class of n mod 3 shows the result.
Proof. (of lemma 3.4) We claim that the sublink L 0 of L that consists of a set of nonintersecting edges is a boundary sublink. In fact, we can attach discs with one handle to each unknot that corresponds to a set of nonintersecting edges, in such a way that each component of L 0 bounds a genus 1 surface and that every two surfaces are disjoint from each other.
The proof of theorem 2 is complete. Proof. (of theorem 1) Obviously, (3) implies (1) which implies (2). We will show that (2) implies (3). Let L M be a boundary link of m + 1 components in a ZHS M. Let E be an imbedded surface in M of m + 1 components such that @E = L. Fix an identi cation of E I with a bicollar of E in M. Let := ( 1 ; : : : ; m+1 ) be a collar of @E in E. Then E I is a (disconnected) handelbody, but M n E I need not be.
In any case, attach 1-handles on E I away from I to construct W such that W; M n W are both (connected) handelbodies. Let , ! M be the boundary of W.
Note that I is a disjoint union of separating annuli in , and 1=1 surgery on each component of L corresponds to cutting M along , performing 1 left-handed Dehn twist along each component of I, and glueing back. Therefore (2) of theorem 1 implies (3). 5.2. A general comment. We believe that the above mentioned questions will be helpful in understanding knot invariants as well as 3-manifold invariants. One feature of these questions is that they are (in principle) testable on a computer, which can decide about the fate of some of them. The experimental knowledge is small so far. Much remains to be done in analogy with the rather well developed theory of nite type knot invariants. We now distinguish cases: Case 1 We are done since NI(?) = 3.
Case 2 It is easy to see that ? has a subdiagram of the form ? 2;1 or ? 2;2 as in gure 10. Therefore we can choose a spanning tree of the form T 2;1 or T 2;2 and in both cases we are reduced to case 1 and the result holds. Case 3 It is easy to see that ? has a subdiagram of the form ? 3;1 or ? 3;2 as in gure 11. Therefore we can choose a spanning tree of the form T 3;1 or T 3;2 which reduces us to case 2 or 1 and the result holds. (21) where K 0 denotes the knot (in S 3 ) obtained by blowing down the three components of and T + denotes the knot in S 3 obtained by blowing down (with +1 framing) any two components of . (indeed, each component of is unknotted (with linking numbers zero with the other components and with framing +1) and remains unknotted after blowing down the other components. This shows that T + exists). In fact, T + is the right handed trefoil.
In other words, is determined by the type 3 knot invariant . We can now nish the proof of theorem 4 as follows: A basis for type 3 knot invariants is 1; J (2) ; J (3) (where J (m) (K) := d m dhm j h=0 J(K)(e h ) is the m th derivative of the Jones polynomial).
A calculation shows that J (m) (K 0 ) = 2J (m) (T + ) for m = 2; 3. 3 Therefore, ( ) = 0. Similarly, had we chosen a di erent vertex orientation of the graph , K 0 andT + would be replaced by their mirror image and still ( ) = 0. Therefore, G 4 L Oh = 0. Proof. (of proposition 1.4) Let V = aJ (2) + bJ (3) 2 F 3 V be a type 3 knot invariant satisfying the assumptions of proposition 1.4. Figure 15 shows two knots K 3 and K 4 with the property that ?1 surgery on them gives di eomorphic ZHS. The knots appear in Li] as an example of distinct knots in S 3 whose ?1 surgery gives di eomorphic Zhomology spheres. We are indebted to R. Kirby for pointing out this reference to us. Since (K ?1 3 ; S 3 ) and (K ?1b = 0 and V is a type 2 knot invariant. Needless to say, we do not understand why this happens.
Remark 6.5. Note that proposition 1.4 implies in order to show theorem 4 it su ces to check that J (2) (K 0 ) = 2J (2) (T + ).
Exercise 6.6. (after a conversation with L. Kau man) Show that K 3 = K 3 , which actually explains why J( K 3 )(q) = J( K 3 )(q ?1 ) and therefore that J (3) ( K 3 ) = 0. Remark 7.1. It is surprising that we only used nonintersecting, bounding, simply closed curves in surfaces to characterize the Casson invariant.
